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Abstract: This paper focuses on studying the Noether-Mei symmetry and the conserved quantity for dy-
namical systems with non-standard Lagrangians ( exponential Lagrangians and power law Lagrangians ).
Firstly, The definition and the criteria of Noether-Mei symmetry for dynamical systems with non-standard
Lagrangians are given. Secondly, The conditions that Noether-Mei symmetry leads to Noether conserved
quantity or Mei conserved quantity and the form of conserved quantities are put forward. And four theo-
rems for Noether-Mei symmetry and conserved quantities are established. Two examples are given to illus-
trate the application of the results.

Key words; non-standrad Lagrangian; Noether-Mei symmetry; Noether conserved quantity; Mei con-

served quantity

N1 R GRS R S e B Noether XJFRM: | Lie XFHRM: AT Mei XJFR:, AHM Y
Ber B USRS, HE RN A — Gk <P 324 Noether ~F fH 1, Hojman ~F fH 12 il
RBFsE i, IEEBRECE . 1%, WEER A Mei STHE Y BEEBFRIIEA, HEEH X
MHBEZEMMAL, JFERET R EESR *ﬁl‘utﬁf/’ﬁﬁiﬁﬁTﬁﬁf, JF B BAg — 28 g

« WFSEHE: 2016 -10 -08
BE£WH: BRAKRPEIS (11272227, 11572212) 5 R NBHE 2= AE BRI AI#T 4] (SKYCX16_12)
EERIN: KEr (1992 4£4), 4oy ARAE: SI2FFrEe# i ; E-mail: sandyquiet@ hotmail. com
BIEEE: B (1964 44), 55 MRAE: 30777 5% E-mail: zhy@ mail. usts. edu. cn



%3 39

RERSF: JETARFRE Lagrange pREUAYZ) J1 % R GEHY Noether-Mei X Fi 15 5T 16 27

R AR bR e Lagrange 0B AL, XFRAE A A&
Lagrange PR, AN[A] T2 ML) Lagrange %L, BIK
ARe SRR WXy, AR, XTHTEHER
i Lagrange s 3 )25 REIITRE E £ BUIG— R
SR . Musielak' ™~ BF58 T AEHUR G AR
i Lagrange bR £ 1 75 ¥k S HAF 78 454, El-Nabul-
sit " TUBRST T AR B ) R G T R  AE A ofe
Lagrange RN M3l 127 5 1, IR AR bR U
Lagrange pR%X)0 AT Friedmann-Robertson-Walker Fif
2, e T ARRRE Lagrange pRBCE T 7 IR
Mo SREE U SE T T ARBRHE Lagrange pR %K
(3 J12¢ Z G0 Noether Xif BRI AR [y ik o A SCHF
FEHE T AR ARt Lagrange bR %0 09 3 ) o7 R 58 19
Noether-Mei ¥ Fr1: 557 E &, 25 H &5 K Noether-
Mei XK M 0 2 SCRTFI 4, 3357 Noether-Mei X /i
£ 55 Noether ~PfH T, Mei sPHEZ AKX R, 4
th T P44~ Noether-Mei XFFRMEEHE, Ff45 G HIAR
BIEE T 45 R H

1 FEFF54L Lagrange RN Noether-
Mei X Rt 5 1 1H &
1.1 Noether-Mei 33 FR 1%

ST AR Lagrange BB 113 FRYCME B
S e

oL d oL 9L dL
L — - = - =|=0
exp( )(aqx dt 9q, dq, dt)
(s =1,2,-,n) (1)

Horpr o ], g, ) SCARRR, g, )T SGEBE, L=
L(t,q,,q.) 7 Lagrange pR%K,

X1 AFFIETHH Lagrange B 3) )%
Rgt (1), WER—DXFRIEREE Noether Xif B 3
J& Mei SXF R 1, U BR 3% A X AR R O % R SR
Noether-Mei %f FR14: o

HURSTa] ¢ 57 SCARBR g, HTCRR/NEEH

17 =t +At,g (7)) =q,(1) +Aq,  (2)
HeIr=h
tt o=t + e (tq,q,) .9 (17) =
q.(t) +&&.(t,q,,q,) (3)
o & HERNSEL, &,€, JITORR/ N i H
JGo

RTETC R/ NS (2) T, 55K Lagrange p&

Kexp(L) 2N

exp(L") = eXp[L(t* ,q. ,j(?:)] =

exp L(t,q,,q,) +8X“)(exp L) +0(&*) (4)

Hrp
M _ g 9 9 : gy 9
X =& o T ag (& - q.é0) 3, (5)

UARTCPR/ VRS (2) WAINOT & M€, T AL T5 R
E[X" (exp(L))] =0 (6)

Sob B, = 0O e (6) F Mei AfFRHE
t dq, 0q,

IR TR, JUIAH R X R ok 2 T 4548 Lagrange
PRI BN )12 R GE I Mei XEFRYE ;G SRAEAE LI R
Gy = Gy(t,q,,q,) HIR/NERTT & ,& W2
Noether 25K,

oL oL oL , . .
Cog S+ SH(E - q)
6t§0 aqsfs an ( gs qsé‘:())

& +exp(-L)Gy =0 (7)
DUJAH R B %5 BR M R 3k T 4 X Lagrange PR %K 1Y
Noether X FrtE, T2H
FIFE 1 WURAFAEMITE R Gy = Gy(1,q,,4,) ,
HAFICR/INA: BT & €, Tl R F 9 T

oL oL oL , . .
T+ —E (€ - +
{ atfo aqsé‘:s aqé (é:s q.sg() )

2

& +exp( - L)G.,w} +

{ELX" (exp(L))]]? =0 (8)

DUIAFL L ) XoF B P Ay 5 T 45 28 Lagrange BRI 3l )77
Z4: 1 Noether-Mei X FR14: o
1.2 Noether-Mei X FR S K FIES

EBE 1 XTHRTIEE Lagrange BB 3 Ty 77
5 (1), Noether-Mei X} FrM: 1] 2 Noether 57 {H
i, B

Iy = exp(L)&, +

oL . _
exp(L) 67(]3(55 -q.&) + Gy =const. (9)

JEAR KA Noether-Mei Xof Fi {400 42 Noether %
PRI, HOAFE RIS R BFEMLTE R Gy = G (t,
q.,q,) f#i15 Noether 2, (7) 57, Hi Noether 5&
HH, WA Noether SHEEZL (9),

EIE2 X TIETHER Lagrange pRBIYB) 112
G (1), WRTCR/NERTT & ,&, FIHLTE R %L
Gy = Gy(t,q,,q,) Wi/ Mei XFFRPEMS5H9 77 72

XU (expL)éy + XX (expL) | + Gy =0
(10)
MR GE1Y) Noether-Mei X FR -T2 Mei s71H &, B
n
I, = X(])(expL)fo +

()
iiigﬂil@s—¢@>+cw=cma.<n>



28 RilR2Ea il (BB %56 &
JERA G, =0 (21)

dl,, _ dx” (expL)go + XU (expl), + HEM 2, REAETE Mei SPE .

d d Iy, = (tlnt +*qq - t)exp(tqq) = const.
AQ,QXSL£§§E£1<§}__456> . (22)
dioae T R (22) R TR Lagrange 8RO E 1%

W(g ik -0 - 5 Noether-Mei A B b S5 1) Mei SFAE i, Fid%

XV (expL)é, - X[ XV (expL) ] =

[ggax“>(L)__aX“>(L)_+aX“><L)g;
dt  aq, dq, aq, dt

expL - (¢ -q) =0

1.3 &l
B AR 4L Lagrange pREICN
exp(L) = exp(tqq) (12)
Ho e W], g )7 SCARRR, g AT SCEREE, BT
5L FR G Noether-Mei Xf Rk Je s fe i
RGN TR
tqq'+qq'+tqz+%:o (13)

al (5) Alfs
X (exp(tqq)) =
[&0qq + g€ +1q(€ - q&,) Jexp(tqq)  (14)
BIEBR /N BT

1
= = — 71[1 15
é:() t’§ q t ( )

J1l¥e)

XV (exp(tqq)) = - exp(tqq) (16)
X (12) BHWIEAERIT (15) R Mei XTHK
PEREfE TR (6), BAROT (15) HN T RS
(1) Mei X FRTE . i Noether S5 (7) 1%

qq&, + 1q€ + 1q(& = q&y) + & +

exp( - 1qq)Gy =0 (17)
BT (15) fRAK (17), 15
G, =0 (18)

WA RETE (15) MR F RS Noether X FR 14 .
I, AT (15) J&HE T 5%k Lagrange REL 3
12 25511 Noether-Mei X #4325 5 4E B
IC (15) FARAY Mei XFRRPESE #4572

XV Lexp(1qq) 14, + XV

{X“Wexp(tqd)]} +CM =0 (19)
/\':':'
M 9 (1, \0
X ! ot ( q In t)aq "
(qzlnt tq q)aq ( )

Hi R (19) A (20) 13

AR (15) R (18) MAAZ (9), 1%
#1) Noether S {H
I, = (t —tlnt - °q¢) exp(tqq) = const. (23)
3 (23) S BT 45 4L Lagrange BRI 3l )1 %% R
4t 14 Noether-Mei % B S 3 1Y Noether SFE & .
2 HLF Lagrange %% pRZ%X11 Noether-
Mei X FRM: 557 1H &
2.1 Noether-Mei 33FR 1%
HET Lagrange % s R B ) 5 R GEH i S0y
Jre gt

o«f 0L d 9L « dL oL
l+a)l—-——"F-——=""])=0
( @) (aqs dt 9q, L taqs)
(s =1,2,,n) (24)

H L = L(t,q,,9,) 24 Lagrange pR%Y,
X2 RTFIHT Lagrange T &4 ) 7] 77 5
gt (24), WR—DXFRMERE 2 Noether X Fi 4 3
& Mei X FRPE, WU FR X AN XF B b IZ R G
Noether-Mei X F51: o
AE TR /N2 (2) T, Lagrange 7 bR %K
Ll+oc Qfﬁ%ﬁ
“lra Veaf .. dg)
L'(t,q,,q,) + XV (L") +0(&*) (25)
WERTCHR NV (2) WAERTT & A€, W e 7 12
ELx®(L")1=0 (26)
Hep gy (26) FRoA Mei X FRPE A B E 7 #2, N
A A XS FRAPE Y FE T Lagrange T3 sREU) 3 177 R GE
1) Mei XJFRPE. AN RAFTEMIE %R Gy = G (1,9,
q,) TR/ BG &) €, T 1 Noether 255X

oL oL oL , . .
Ey + &+ (€ - +
ot é:O aqsfs aqs ( fs qsg() )

L
l +a

&

So

1 .
* 0y a)L“G“’ =0 (27)

YUPAH IO A9 X8 B 14 2 25 T Lagrange % bR XY Noether
XRRPE. TRA

FIPE2  WCRAFAERITE R Gy = Gy (1,q,,9,) ,
AR ICBR/INAE IR &, L€, Tl I T 7

oLy oL, 0L . .
{56 ot g mddo) v



53 1 KRG T ARARME Lagrange BB 3] 1 2% R 4L Noether-Mei Xof Btk 5 <7 1H it 29
L & + 1 (';N}ZJr XV((tg+q)°) =
l +a (1 +a)L* 2(tqg + q) [ &g + E+1(€E-qé)) ]  (34)
LELXV (L") ] =0 (28)  EERR/INEROT

DUAH R R R B S BT Lagrange 5 R AL 3l ) 2% 5
4t 1% Noether-Mei % FRME
2.2 Noether-Mei X FRESHFIES

I3 XPTHET Lagrange TR A3l 127 R
4t (24), Noether-Mei X FR 1 7l 52 Noether 5 5
&, B

I, = I, +
(1 +a)l” %(& -q.&) + Gy = const. (29)

JEBR [ A Noether-Mei X Fr {4052 Noether %
PRYE, SO LTS e BFTE MY RS Gy = Gy (1,
q,,q,) 115 Noether %5, (27) 3L, FH Noether &
PR, oA Noether SPHAEZ (29) .

EI4  XPTHET Lagrange FEeREH N 1127 R
g (24), WIRICL/NENTT &) ,¢, T REL G,
= Gy (t,q,,q,) Wi /e Mei XHFRERZE# 5 FE

XL ) + XX (L) + 6, =0

(30)
MR LGEH) Noether-Mei X FRPEFE Mei sy fH i, B
il
I, = XV (L' g, +

X(l) Ll+a .
8(7.)(55 -q.&,) + G, = const. (31)

99,
ERA
d7 dX(l) L1+a o
dTM = 7&; )go + XL E, +
d aX(l) L1+a .
a#(& - q.&) +
aX (LY, ., . -
P ik - i) -

X(l)(Ll+a)§0 —X(U[X(I)<LI+‘X)J —

[i oX'" (L) 9X'"(L) , @ aX'V (L) @]_
dt  aq, aq, L 9q, dt

(L+a)L*(€& -qé) =0

2.3 HEf)
CLJK: Lagrange 5 PRECH
L = (g + )™ (32)
Hov e WSIa], q ) SCARKR, g ) SCHREE, 1R
L Z G Noether-Mei % FRME A SFIE & o
o =18, RGN TEN
2¢ +1G =0 (33)
= (5) 1%

& =t, £€=-q12 (35)
JUES)
XV ((tg+q)*) == (1g +q)° (36)
X (33) HHBUFAERTT (35) W2 Mei X FR
PERIRE R (26), BUESoT (35) MM TR
() Mei XFFRPE. 1 Noether 2550 (27) 18
‘]Eo +§+l(§_‘j§o) +
1

t(j+q. N
2 §°+2(tq'+q)G‘““ =0 (37)
EmoT (35) AL (37), 1%
Gy =0 (38)

WA RLIT (35) AHLL T R GERY Noether XfFRM:
I, ot (35) 23T Lagrange i eREL 1 3 )
¥ ZGiH) Noether-Mei XFFR1E . 45t 45 th 5 A= BT
(35) AHNLE Mei XFFRVE R 254 5 2
XUL(g+q)] +

XOUXO (g + )] +6G, =0 (39)

Hrp
Y
oy FE (39) FIt (40) 15
Gy =0 (41)
HIEHL 4, FREGAFAE Mei SFAH i
1, = ¢’ (tq + q) = const. (42)

i (42) JEHFE T Lagrange R B3N 122 R 40
[ Noether-Mei Xf FR{E (35) FECH) Mei ~y1H fE,
WAt (35) MBLE s (38) FRAS (29),
521 Noether 5FH H

I, =-qt*(t¢g + q) = const. (43)
i (43) JEdFE T Lagrange BR8N 3 J1 24 R 40
] Noether-Mei X} FRIEFE 1) Noether SF{H & o

304 ik

ARSI T T AR E Lagrange pREAYS] 177
Z 51 Noether-Mei X FR 1, B L& RSt H) Noether
XIFRPE S S Mei XfFRYE. H1 Noether-Mei X 7 4 1]
LA 3] Noether <y 4H #t H1 Mei ~yfH . SCHP AL TR
FrifE Lagrange pREX ) 3l 1 2% & 52 1Y Noether-Mei Xif
PRYESES: tH PUA 2 T Noether ~y[H & Hl Mei ~FH
ME B, AR ITE S SR AA S, T
TR ALY R )2 R G



30

R E e (HARBHERR)

5 56 &5

Sk

(1]

(2]

(3]

(4]

(5]

(6]

[7]

(8]

(9]

MR, RO A R M. b
A BRI, 1999.

HRA. R ) RGO FRE S (M), Jb
a0 AUETHE TR A H A, 2004,

DJUKIC D J S, VUJANOVIC B D. Noether’s theory in
classical nonconservative mechanics[ J]. Acta Mechani-
ca, 1975, 23(1) . 17 -27.

HOJMAN S A. A new conservation law constructed with-
out using either Lagrangians or Hamiltonians[ J]. Journal
of Physics A: Mathematical and General, 1992, 25. 291
-295.

ERE T AR 2 ] e R AR R G A
PELT]. AiloRsf 224 (F AR BB, 2002, 41(6)
10 - 13.

WANG S Y, MEI F X. Form invariance of holonomic
systems in phase space[ J]. Acta Scientiraum Naturalium
Universitatis Sunyatseni, 2002, 41(6) : 10 —13.

TKE. AR 0] 2R 7 B A2 53 ) JL Y Noether X FR 1
HepEmR ] Ao m i (A R BE R , 2013,
52(4) . 45 -50.

ZHANG Y. Noether symmetry and conserved quantity for
a fractional action-like variational problem in phase space
[J]. Acta Scientiraum Naturalium Universitatis Sunyatse-
ni, 2013, 52(4) . 45 -50.

Tises, 77, EM. dE5e )17 REGEHY Noether-Lie X
FReELI]. YrFRadf, 2006, 55(8) : 3817 —3820.
FANG J H, DING N, WANG P. Noether-Lie symmetry
of nonholonomic mechanical system [ J]. Acta Physica
Sinica, 2006, 55(8) : 3817 —3820.

XML, Jr g os. A () AR T ) 2 R G Lie-Mei
XEFRPER PSSP R[] P, 2008, 57(11) .
6699 - 6703.

LIU Y K, FANG J H. Two types of conserved quantities

of Lie-Mei symmetry for a variable mass system in phase

system[ J]. Acta Physica Sinica, 2008, 57 (11): 6699
-6703.
FHEM, KE. Birkhoff R4 Noether-Mei %} FR4: 5

[10]

[11]

[12]

[13]

[14]

[15]

[16]

(17]

SPEER L] AR Rk (A AR RRD , 2016, 55
(4):53-55.

WANG X P, ZHANG Y. Noether-Mei symmetry and con-
served quantity of Birkhoffian system[ J]. Acta Scienti-
raum Naturalium Universitatis Sunyatseni, 2016, 55(4) :
53 -55.

FANG J H, LIU Y K, ZHANG X N. New conserved

quantities of Noether-Mei symmetry of mechanical sys-

tem in phase space[ J]. Chinese Physics B, 2008, 17
(6): 1962 - 1966.

XIE Y L, JIA L Q. Special Lie-Mei symmetry and con-
served quantities of Appell equations expressed by Ap-
pell function. Chinese Physics Letters, 2010, 27(12) .
120201.

MUSIELAK Z E. Standard and non-standard Lagrang-
ians for dissipative dynamical systems with variable co-
efficients [ J]. Journal of Physics A: Mathematical and
Theoretical, 2008, 41(5) : 295 —302.

MUSIELAK Z E. General conditions for the existence of
non-standard Lagrangians for dissipative dynamical sys-
tems [ J]. Chaos, Solitons and Fractals, 2009, 42

(5): 2645 -2652.

EL-NABULSI R A. Non-linear dynamics with non-
standard Lagrangians [ J]. Qualitative Theory of Dy-
namical Systems, 2013, 12(2); 273 —291.
EL-NABULSI R A. Nonstandard Lagrangian cosmology
(1]
2013, 7(1): 1 -12.

ZHANG Y, ZHOU X S. Noether theorem and its inverse

Journal of Theoretical and Applied Physics,

for nonlinear dynamical systems with nonstandard La-
grangians [ J ]. Nonlinear Dynamics, 2016, 84 (4):
1867 - 1876.

JA/N=, K3 FETARBRfE Lagrange pR LY 3l ) o7
FGHY Routh FEFHELT]. J15 2T, 2016, 37(1):
15 -20.

ZHOU X S, ZHANG Y. Routh Method of reduction for
dynamical systems with non-standard Lagrangians|[J].
Chinese Quarterly of Mechanics, 2016, 37 (1) 15 -
20.



